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ABSTRACT

Reaching an efficient solution for multi-objective programming problem (MOPP) is not easy and may encompass some
hardships due to existing more than one objective. The aim of this research was to introduce a new efficient method to tackle
fully fuzzy multi-objective linear fractional programming problem (FFMOLFPP) i.e., a multi-objective linear fractional
programming problem (MOLFPP) with fuzzy coefficients and fuzzy decision variables. To construct the approach, the
a — cuts of the fuzzy numbers, variable transformations, the first-order Taylor series, the membership functions, and the
weighted sum method are used. In two phases, this method alters the fully fuzzy problem into linear programming problem
(LPP) which its solution is at least a weakly € —efficient for the main problem. Numerical examples are compared to an
existing method and the outcomes demonstrate that our proposed method is much more accurate.

Keywords: Fuzzy numbers; membership functions; Taylor series; the weighted sum method

ABSTRAK

Mencapai penyelesaian yang cekap untuk masalah pengaturcaraan berbilang objektif (MOPP) bukanlah mudah dan mungkin
merangkumi beberapa kesukaran kerana terdapat lebih daripada satu objektif sedia ada. Matlamat penyelidikan ini adalah
untuk memperkenalkan kaedah baharu yang cekap untuk menangani masalah pengaturcaraan pecahan linear berbilang
objektif kabur sepenuhnya (FFMOLFPP) iaitu masalah pengaturcaraan pecahan linear berbilang objektif (MOLFPP)
dengan pekali kabur dan pemboleh ubah keputusan kabur. Untuk membina pendekatan ini, potongan oo nombor kabur,
transformasi pemboleh ubah, siri Taylor tertib pertama, fungsi keahlian dan kaedah jumlah wajaran digunakan. Dalam dua
fasa, kaedah ini mengubah masalah kabur sepenuhnya kepada masalah pengaturcaraan linear (LPP) yang penyelesaiannya
sekurang-kurangnya e-cekap untuk masalah utama. Contoh berangka dibandingkan dengan kaedah sedia ada dan hasilnya
menunjukkan bahawa kaedah cadangan kami adalah lebih tepat.

Kata kunci: Fungsi keahlian; kaedah hasil tambah wajaran; nombor kabur; siri Taylor

INTRODUCTION controllers in medical science and industry; Mahmoodirad,

Linear fractional programming problem (LFPP) and multi-
objective programming are modeled in optimization widely.
Some applications of LFPP in different disciplines such as
in economy, business, engineering, and management were
demonstrated by Stancu-Minasian (1997). Furthermore,
LFPP can be used as an appropriate model in transportation,
water consumption, medicine, and industry (Ahmad et al.
2020; Das, Edalatpanah & Mandal 2020; Radhakrishnan &
Anukokila2017; Wangetal. 2019). Besides, Vafamand et al.
(2021, 2020) developed the application of multi-objective

Garg and Niroomand (2022) transformed a set covering
problem, which has application in the real world problems
such as facility problems, and airlines schedules problem
into the MOLFPP; Garg, Mahmoodirad and Niroomand
(2021) studied a fractional two-stage transshipment problem
where all the parameters are represented by fuzzy numbers;
Garai and Garg (2019) presented a multi-objective linear
fractional inventory problem with generalized intuitionistic
fuzzy numbers.
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In different fields of optimization such as engineering,
business, and management, the notion of fuzzy sets has
been used to design approaches (Borza, Rambely & Saraj
2012; Rashmanlou & Borzooei 2016; Zapata et al. 2020).
Specifically, one can use fuzzy numbers when there exists
an ambiguity to specify coefficients. In LFPP, we cope
with the fuzzy linear fractional programming problem
(FLFPP) if the parameters are fuzzy numbers. One way of
solving FLFPP is to use fuzzy ranking approaches. In this
approach, a fuzzy number is altered into fixed numbers.
Consequently, multiple LFPPs are created instead of
the main fuzzy problem (Arya et al. 2020). Although
these kinds of approaches are easy and straightforward,
replacing a fuzzy number with fixed numbers may not be
as comprehensive as we expected generally. On the other
hand, using the notion of a — cuts has been considered
by many researchers as an efficient and comprehensive
method tackling the fuzzy numbers (Rao 2017). Overall,
when the concept of a — cuts is utilized, maximization of
the FLFPP subject to feasible region S can be reduced into:

Ma;g{ienslize {(FL(X), FU(0]}, @

where FL(X) and FY(X) are linear fractional objectives
functions.

A number of methods have been introduced to address
problem (I) (Borza & Rambely 2023, 2022a; Borza,
Rambely & Edalatpanah 2023; Chinnadurai & Mathukumar
2016; Mehra, Chandra & Bector 2007; Stanojevic &
Stanojevic 2013; Veeramani & Sumathi 2014). Moreover,
there are several approaches to deal with MOLFPP which
can be also utilized to tackle problem (I) (Borza & Rambely
2021a; Chakraborty & Gupta 2002; De & Deb 2015; Pal,
Moitra & Maulik 2003; Toksari 2008). In addition, the
weighted sum approach can be utilized and then change the
problem (1) into the sum of linear fractional programming
problem (S-LFPP). In this case, recent works of Borza
and Rambely (2021b), a non-iterative algorithm based on
variable transformations, and Liu et al. (2019), an iterative
method based on a branch and bound algorithm, are useful.

In MOLFPP, if the coefficients are fuzzy numbers,
then we face fuzzy multi-objective linear fractional
programming problem (FMOLFPP). The most recent
algorithms dealing with this problem were proposed by
Borza and Rambely (2022b) and Nayak and Ojha (2019). In
Nayak and Ojha, the fuzzy problem is finally changed into
LPP using the a — cuts of the fuzzy numbers, and the first
Taylor expansion. To be more precise, in their approach, the
fuzzy problem is firstly changed into:

. L U _
Ma};lg}nze{[ﬂ- X)), F7(X)] =

cfx+d; Efx+f;| .
- - =1,k
Pl x+q;’ G x+n;

(I

Let X; be the optimal solution of Maximize F/(X); and
F}(X) be the first-order Taylor expansion of FV(x) around
X{,i=1,...k. In their method, the following problem is
eventually solved.

k
Maximize Z w; FY (X)
Xes
i1

(I11)

There is a weakness in the method that is the only use
of FY (X).1n other word, FF(X),i = 1, ..., k is not considered
finding the solution. In Borza and Rambely (2022b), they
proposed an algorithm based on a parametric approach of
Dinkelbach (1967), method of Mehra, and the concept of
a — cuts. In their method, F'(X) plays a more important
role than 7 (X) which can be considered as a drawback.

The concept of fully fuzzy programming problem
arises if both coefficients and decision variables are fuzzy
numbers. Researchers has proposed different algorithms
coping with fully fuzzy LPP and fully fuzzy LFPP (Borza
& Rambely 2022¢; Deb 2018; Kumar, Kaur & Singh 2011).
To the best of our knowledge, FFMOLFPP has been only
considered by Arya et al. In the method, the problem is
transformed into a problem with deterministic parameters
using a fuzzy ranking approach. Of course, using the fuzzy
ranking approach ease coping with the problem since a
fuzzy parameter, which includes countless numbers, is
finally represented by three fixed numbers. However, this
technique may not cover all the possibilities and therefore
cannot be as much comprehensive as the decision maker
expects. The weakness of their method is demonstrated in
numerical example section. Apart from that, their method
is only applicable for the problem with triangular fuzzy
numbers.

This paper aims to design a new method to address
FFMOLFPP which overcomes the drawbacks of Arya et
al. We construct our approach in two phases, where a new
technique based on variable transformations is introduced
to deal with fully fuzzy linear fractional programming
problem (FFLFPP) in phase 1. In the second phase,
FFMOLFPP is considered and transformed into interval
valued MOLFPP by the use of a — cuts. Subsequently,
taking into account the first phase, individual problems
are solved and then the individual interval-valued
linear fractional objective functions are linearized using
the first-order Taylor expansions about the individual
optimums. Therefore, the main fuzzy problem is changed
into interval-valued multi-objective linear programming
problem (I-VMOLPP) which is altered into LPP applying
the weighted sum technique twice. It should be mentioned,
in order to normalize the linear objectives, the concept of
the membership functions was utilized in the approach.
Examples are taken from Arya et al. to illustrate the method



and comparisons indicate the superiority of this study’s
outcomes. In addition, the approach is not limited to any
specific kind of fuzzy numbers.

The paper is organized as follows. Some preliminaries
are given in the next section. The main outcomes are released
subsequently. Indeed, it is demonstrated that FFMOLFPP is
altered into LPP. After that, numerical examples are given
to illustrate the method, and comparisons are made to show
the accuracy. Finally, last section concludes the paper.

PRELIMINARIES

FUZZY NUMBERS AND INTERVALS

Definition 1 (Wang 1996) Let A be a normalized fuzzy set.
A triangular fuzzy number 4 is defined as:

x—a)/(b—a), x €[a,b)
1i () = il a,b,e) = | (c - 2)/(c = b), x € [bc]
0, xX>corx<a.

FIGURE 1. Triangular fuzzy number 4

Definition 2 (Wang 1996) Let A be a fuzzy set in X and
@ €[0,1]. The a — cuts of the fuzzy set 4 is the crisp set 4,
given by: [Aly = {x € X: p5(x) = a}.

Let A be a triangular fuzzv number
myembership function wi(x;a,b,c),
[Al =la+alb —a), c —a(c—b)].
Furthermore, let V' = (¥, ..,7,) be a fuzzy vector i.e., a

with the
then

vector with fuzzy elements, then, [V1% = ([#]1,, ..., [Fu]a)-

Definition 3(Wang 1996) Let 7 be a fuzzy set in X and
a €[0,1] with [Z], = [Z,Z;]. Then. the center average
defuzzifier of Z is given by: Dfuz([Z],) = z;;z;.

Definition A (Ranking of fuzzy numbers) Let 4, B, € be fuzzy
numbers with a —cuts [Al, = [ag, azl, [B, = [bg,bi],
and [C], = [cZ,cX]. According to Kaufmann and Gupta
(1988), possibility and necessity theories can be used to

rank fuzzy numbers based on their @ — cuts as follows:

Method 1 We say A is smaller than B, and denoted by 4 < B,
ifand only if a;, < b, and a; < b; for a € (0,1].

Moreover, from Zimmermann (2001), for k,,k, = 0, we
say ki A+ koB = C_if and only if kyag + koby = ¢, and

kyal + kbl < cf.
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Method 2 We say A is smaller than B, and denoted by 4 < &,
ifand only if ay < by for @ € (0.5,1]. o
Furthermore, for ki, k, = 0, we say k14 + k2B =C ifand
only if kyag + kabg < cg-

Notify that in spite of method 1, method 2 can be applied
to rank any two fuzzy numbers. However, method 2 is
weaker since only the upper bounds of the intervals are
utilized. Therefore, in this paper, we use method 1 as long
as this method works successfully. Otherwise, method 2 is
examined.

Definition 5 (Moore, Kearfott & Cloud 2009) Assume that
A=[4L4"], B=[B%B"] and k = O is a scalar. Therefore,
addition, multiplication, and division on the intervals are
defined as follows:

A+B=[A"+B" A" + BY], A =[-AY,-A"], kA = [kA", kA",
AB = [min{A'B%, AYBY, AVB, AVBV},
max{A*B*, A*BY, AVB*, A"B"}],

A J_. (Al al AU 4U Al Al AU U
E— min E,ﬁ,ﬁ,ﬁ , max ?,?,E,? .

LINEAR FRACTIONAL PROGRAMMING

Consider the general form of LFPP as follows:

cTx+p
Maximize DTX+q (1)
subjectto F = {AX < b,X =0},

where A € R™",b e R™,C,D€R™, p,g €R. In addition,
DTX +q > 0,VX = (Xy,..,X,) € F. It is additionally assumed
that feasible region F is a regular set i.e., a non-empty
and bounded set. Notify X =0 means X; =0, i =1,..,n.
Using variable transformations t = Y = tX changes
problem (1) into:

DTx+pB’

Maximize CTY + pt subjectto ¢ = {AY — bt <0,
DTY +qt =1,Y,t = 0} )

Lemma 1 (Charnes and Cooper 1962) In problem (2),
variable t cannot be zero.

Lemma 2 (Charnes and Cooper 1962) 1f (Y,t) € ¢, then
EF.
Theorem 1 (Charnes and Cooper 1962) If (Y',t") is

optimum for problem (2), then X* = :— is optimum for
problem (1).

MULTI OBJECTIVE PROGRAMMING PROBLEM
The general form of MOPP is as follows:

Maximize {F;(X),..,F.(X)} s.t X ES. 3)
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Definition 6 (Antunes, Alves & Climaco 2016). In problem
(3), asolution X * € § is called efficient if and only if AX € §
such that F;(X*) = F;(X), j =1,...,k, and 31 € {1, ..., k}
such that F,(x*) < F,(X).

Definition7 Inproblem(3), X * € Sisan € — efficientsolution
if VX€S, 3j€1,...k} such that F(X*) —e < F;(X),
where € = inf{d > 0: F;(X™) — § < F;(X)}.

The weighted sum approach can be used as a classical
method to address the problem (3) as follows:

Nk
Ma;;g;uze Y wiFi (X)), 4)

wherew; 2 0,i=1,..,kand ¥*_, w; = 1.
Remark 1 Consider the general form of an interval-valued
fractional programming problem as follows:

. [rx), P
Max}gglze m (5)

where H(X),K(X) = 0, VX € any feasible region S.

Lemma 1 1f (Mil}(iélslize T(X )) = 0, then problem (5) is
changed into:
Maximize m,m.

Xes K(X)" H(X)
Proof Obviously, there must exist unique functions L(X)
and U(X) such that [0 PCOL_ where

e xa] — LEL U]

L(X) = U(X),VX €S.

Since (MinimizeT(X)) =0, then T(X)= 0,vX € 5. Thus,

I _ PX) oy e s due to the fact that 0 < T(X) < P(X) and

KX) ~ HX)’
0 < HX) =< KX). Therefore, L(X) = T and U) =22

K(X) H(x)'
The proof is then complete. =
Lemma 2 1If (Maiig?ize P(X )) =0, then problem (5) is

transformed into:
TX) PX)
HX) k(x)I

Maximize [
XES

Lemma 3 If (MiglfieﬂslizeT(X )) <0and (Ma§ienslize P(X )) =0
then problem (5) is altered into:
[T(X ) P(X)

Maximize m ,@ .

Xes
In a similar manner, these two lemmas can be proved.
Therefore, the proofs are omitted.

Lemma 4 Let H(X) = [F(X),G(X)] be an interval valued
function defined on domain D, where F(X) < G(X),VX € D.

0H(X) . [@F(X) 0G(X) AF(X)
Then, o |XD:[mm{ x5 |X0} nax{ %,

aa(x) }] Proof H(X) = [F(X),G(X)] = H(X) = AF (X) +

G—A)G(X) WA € [0,1]. Thus, 2480}, 39009, "y
a a 3 3 3
a-2 c;(x) lx, = [ F(X)lxu G(X)lxa] if F()r:)lxD < G(x) |X0
Otherwise aH(X) [BG(X) aF(x)l ] .

" Tax o X,

MAIN RESULTS

PHASE 1: AMETHOD TO FFLFPP

In this section, FFLFPP is considered and eventually
transformed into LPP. To reach this aim, the concept of
a — cuts, variable transformations, the weighted sum
approach, and the first-order Taylor expansion are used.
Consider the general form of FFLFPP as follows:

"\z
% ><a ><2

Maximize ( ) -_I—I_dN
l
0}

where MTX + 7 > 0,vX = (%,,..,X,) €.

(6)

b B

s.t § = {4X ,B

3

The use of @ — cuts transforms problem (6) into:

xU) = [cE, cY][xE, xV]+[dl, dY]
[ML, MVY][XL, XUl+[nL, nV]

st §={[ALAV][XL, XY] < [bL, bY], ™
XL<xU xL xU=o0}

Maximize F (X7,

where [¥% x"] = ([xLx7], ...,
(X5 xYU), and [M", MY1[X" X

X5 X0 = (b X! XL XD =
U+ [aha"1=0,vxLxY) es.

For convenience, without loss of generality, let us assume
that:

Ctxl 4 db = min{C X" + df CEXE + AV, ctxY 4 db ctxY 4+ dY eVt +
dt Cx U+ d Ut +dh Vx4V, cVxY + ab cVxY + dY ),

CUXY +dV = max{C"X" + a*, ' X" + a¥,ctxV + at, ctxV +
dv,cUXt rat,cvxt +a¥, cUxU + 4t cUxXY + 4V ),

MEXE 4+ nt = min{ML XL 4+ nb, MEXE 40V, MEXY +

nt MEXY 4 0V MUXE 4+ 0k MYXE 4+ Y MYXY 4+l MYXY + 0V
MUXY 4 nY = max{M XY+ nb, MEXY + 0V, MEXU +

nt, MEXU + 0¥ MUXE b, MUXE 4 2V, MUXY 4 0, MUXY + 0V},
min{A X%, ALXY, AUXY, AVX U } = AFX", and

max{A XL ALXU, AUXL AUXY ) = AUXU’ vxLxes

On these assumptions and also applying the ranking method
1 and the arithmetic of intervals, problem (7) is changed
into:



L F(XLXY) = [clxl+al, cUxV+al]
Maximize , T [MIxInl, MUxUtnU]

stS§={Axt = pL,AVXY < bV, XL <= XU, ®)
XL XY =0}, where MYXV +nV > 0,V(X5L XY) €S.

1
[MLXL+?‘LL, MUXU+nU]9YL = tXL,YU — txU
alters problem (8) into:

Setting t =

Maximize
FYLYY) = [cryl 4 td, cUvY +td"]  (9)
Sty [MEYE 4+ tnt, MUYV +tn¥] = 1}

In problem (9), we can replace the constraints
MEYE +ent, MUYY 4 tnY]1 =1 =[11] with the two
constraints  [MY" + tnt, MUYV +tn¥] =1 = [1,1]and
[1,1] < [M'YE + tnt, MUYY 4+ tnV], simultaneously. If we
apply the ranking method 1, then these two constraints
results in:

MYE 4+ tnt = MUYV 4 tn¥ = 1; this means the original
problem must be a LPP, which is a contradiction.
Moreover, if we apply ranking method 2, then
[MLYL +tnt, MYYY +tnY]=1 is changed into:
MUYV 4 tn¥ = 1. We know that the existence of an equality
constraint either makes the problem infeasible or limits the
feasible region so much that the solution obtained may not
be optimum for the original problem. To overcome these
difficulties and tackle the interval constraint, the following
lemma is proved.

Lemma 5 [a,b] =1 ifand only ifa <1,b = 1.

Proof1f [a,b] = 1,thena = Aa + (1 — Da = da +
(1—-A)b=1[ab]l=1,
1=[abl=Aa+(1—Db=ib+(1—Db=>blIf

a = 1,b = 1, then the ranking method 1 results:[a, b] + [1,1]
and [a, b] # [1,1]; this means [q,b] =[1,1] = 1. =

Taking into account Lemma 5 changes problem (9) into:

Maximize CUYYV + td"]
st ={Alyr — bt =0,4VYY —thU = 0,
YE=<vY vhyUt =0,
MYL 4+t =1, MUYY +tn¥ = 1}

(10)

According to Chanas and Kutcha (1994), problem (10) is
changed into:

Maximize {C!YE+ td:, cUYY + tdV}

11
st (YLYY . t) e Q. (1n
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Problem (11) is a bi-objective LPP and can be solved using
several methods such as the weighted sum method and the
max-min technique.

The weighted sum approach with equal weights transforms
problem (11) into:

Maximize CLYL + VY'Y 4+ (d" + d¥)t

(¥LyUtien (12)

Let problem (12) is solved and the optimal solution

is (vt,, vV, t*,87). Therefore, the solution proposed

for problem (8) and consequently for problem (6) is:
vyl yur

£ = e, X0 = [,

t* t*
PHASE 2: AMETHOD TO FFMOLFPP
Consider the general form of FFMOLFPP as follows:
(o GX+d;
Maximize FE(X) ==z —i=1.,
M; X +#;
st§={AX = b,X =0}

(13)
It is obvious that the method introduced in Phase 1 can be
applied to the following individual problem.
Maximize ﬁi(}?),i =1,.., k.
Xes

(14)

In Phase 1, it was demonstrated that using the concept of
the @ — cuts transforms problem (14) into:

[t x9), 7,5 xY)]

F;(XLxV) = —
|g:(xt.xv), g,xt x0)] (15)
S.ts ={Alx" = b",AVXY = b7,
where ﬁ, 175, 9i, 9; are linear functions and

LY = fxbLxY), g (xLXY), < g, (x5 xY), vxh xY)€es,
i=1,..,k

Let the method proposed in Phase 1 solves problem (15)
and the solution obtained is:

KL =[x XY, fori = 1, .., k.

Now, using the first-order Taylor series about [X71%
linearizes the objective function F;(x*,xY) as follows:

Linearization (Fl- (XL,XU)) =
8 Fy(xL x¥) "
Tl (0 H) (16)
i, (XY =X V) + Fy (X, xY) =
[Lin F; (XL, XU), Lin F; (X5, X V) .

AF;(xL.xY)

In order to reach a satisfactory solution, the objectives are
normalized in MOPP. In this study, we use the concept of



3808

the membership function to reach this aim. To do this, let
us assume:

F ™" — Minimize Lin F; (X%, x¥),
Xes -
F ™* = Maximize Lin F; (X%, xY),
xes =
Fmax = Ma);ir;]ize Lin F; (X%, xY), and
€
F ™™ — Minimize Lin F; (X", XY),

XES
* = Maximize Lin F; (X%, X V).
Xes

|

Therefore, the membership functions can be specified as
follows:

'u@?i(XL,XU) = (Lll’lF (XL U) me)

and

17
'LL@E(XL vy = m(LmF(}(’- X0 — me) (17)
i=1,...k

Accordingly, problem (13) is substituted by:

Maximize {[ﬂmlﬁi(XLrXU)n #mﬁi(XL,XU) ].
i=1,...k]
s.tS={AlxL < pL AUxVU < bV,
Xl <=xV x! xU =0}

(18)

Using the weighted sum technique transforms problem
(18) into:

k

_(¥L wUy (vl yUy| =
D?XHLX)}IIHIZSQZW" [H@Ff(x X )"ubinFe(X X )] n
i=1 (19)

[ 2y Wi X i 7, (XL XD, B Wi X gt g, (XL X |
2

where w; = 0,i =1, ...,k are determined by the decision
maker based on the importance of the objective functions.
According to Chanas and Kutcha, problem (19) is changed
into:

Maximize L yU
(XL XU)ES 1 W X Ju]_,lnF (X )r

(20
T W x #ﬁa(xa "}

Problem (20) is a bi-objective linear programming problem
and the weighted sum approach with equal weights
transforms it into a LPP as follows:

Maximize
El 1 Wi X,LLLmF(X XU+ Z W X;LLmF(X" |
stXxtxes

@n

ACCURACY CALCULATION AND DEFUZZIFICATION

According to Remark 1, we can set:

Fi(xhxY) gixhx] .

Fi(X5XY) = [Fe(X 5 XY, Ry (X5 X)) = [h:’[XL,XU) by (XL XT)

Let us assume that X = (X", X"") and are the optimal

solutions to Maxmuzef (X ) respectively,

xU)es (XL xY)
i=1,.
Now, Let [)? Te=X"= (X" X" be a proposed solution for
problem (13) then a criteria to evaluate this solution can be
defined as follows:

M gux*
oy and Mgsipine ey

sk l(sz(K*f)—F1f(X*))+Zi'c:1(Fui( y*f)_Fuf(X*))
[Frx D) |pui(§”}|

(22)

Er(X®) = "

Moreover, an acceptable interval for the value of the ;t»
objective function [F;(X)], is: [F; (X "), Fps (X *)].
In addition, if we set

€ = max {Fu(g*f) CF(X),Fy; (i'i) - Fui(X*)},i =1,..,k and

€ = min{e;, i = 1, ..., k}, then, the solution proposed X~ is
at least a weakly € —efficient solution for the main fuzzy

problem (13)

Definition 8 For x,y € S, one has xPy (we say ¥ is preferred
tox) if Er(y) < Er(x). Apart from that if we also have
e(y) = e(x), then we say ¥ is strongly preferred to x which
is denoted by xPPy, in this paper.

NUMERICAL EXAMPLE

In this section, three examples taken from Arya et al. are
considered and the outcomes are compared to evaluate our
approach.

EXAMPLE 1

Maximize {ﬁl()?), Fz()?)} -

—(2, 3, 4)X,+(1, 2, 3)X,
{(0.5, 1, 1.5)X,+(05, 1, 1.5)%,+(2, 3, 4)’
(6, 7, 8)X,;+(0.5, 1, 15)%, } 23)
(4, 5, 6)X,+(1, 2, 3)%,+(05, 1, 1.5)

.t —(05,1,1.5)%, 4+ (0.5,1,1.5)X, = —(0.5,1,1.5),
(1,2,)X, +(2,3,4)%, < (14,15,16),
—(0.5,1,1.5)%, =< —(2,3,4), X.,%,=0.



Using the concept of @ — cuts transforms problem (23) into:

Maximize {F, (XL, Xx"), EXLx"} = (FR&xLxY) =
—[2+a,4-a][x} xV]+[1+a3—a][x} xY]
[0.54+0.5e,1.5—0.5a][xE x| +[0.5+0.52,1.5-0.5a][x5 XY ]|+ [2+a,4—a]
F (Xt xV) =

[6+a,8—a][xE,xV]+[0.5+0.50,1.5-0.5a][XE X¥] }
[4+a.6—al[xL xV]+[1+a.3—a][xL xV]+[0.5+0.5a,1.5-0.5q]
s.t —[0.5 + 0.5a, 1.5 — 0.5a][XL, XP] + [0.5 + 0.5a, 1.5 —
0.5a][x},X7] = —[0.5 + 0.5a,1.5 — 0.5a],
[L+ea3—allXt XY+ 2+ a4—a]lXbxY
<[14+a,16 —a],
—[0.5+0.5a,1.5 — 0.5a][X}, XF1 < —[2 + a,4 — a],
Xt=xU xt<x¥ xbLxP x5Lx¥=0.

(24)

Setting a = 0.5. and considering the interval arithmetic and
ranking method 1 finally transform problem (24) into:

Maximize {F; (XL, xXY), F,(xL,x")} =

= 1.5x%-3.5xY,~2.5xF+2.5%7
{Fl(XL:XU): L[ T 5 2]U
[0.75xk+0.75x5+2.5, 1.25xV+1.25x7+3.5]

[6.5xE+0.75x%, 75xV+125xY] )
[¢.5xF+15x5+0.75, 55xV+2.5x7+1.25]
.t Sacos = {0.75%F — 1.25x7 = —1.25,
—0.75X} + 125X} < — 0.75,1.5X} } 2.5KF < 14.5,
2.5x7 +3.5%Y = 15.5,-0.75X} = 2.5,
-1.25x7Y = -3.5,
L i L U vL yU yL yU
Xr=X[, X;=X;, X, X[, X5, X] =0}

FxLxY) =

(25)

In what follows to linearize F,(x*, XV),

Maximize F;(X%,XY)is solved so as to find
(XL XV)ESy_05

X1 =[x, xV],i=12

For i = 1, problem (12) is formulated as follows:

Maximize —2.5Y} + 1.5YF — 3.5Y}Y + 2.5
S.t {0.75YF — 1.25Y + 1.25¢t < 0, —0.75Y}
+1.25¥F + 0.75t < 0,
1.5Y] + 2.5YF — 14.5t < 0,2.5Y7
+3.5Y, — 155t = 0,
vh=yvlvi<vyl YEYO VLYY t=0}=F
U {0.75YL + v} + 2.5t < 1,VY + VY + 3.5t = 1}.

(26)

Problem (26) is solved and the solution obtained is:

(Yf‘“‘, YflU, YZ*IL, YZ*IU, t*l).
= (0.354,0.354,0.1487,0.1487,0.1062) Therefore,

1
F1

[XN*]?;} — (XIIL,XflU,XglL, ’XglU) — (YflL, YflU, YZ'/«J.L, Y;lu) —

(3.3333,3.3333,1.4,1.4).

For { = 2, problem (12) is formed as follows:
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Maximize 6.5Yf + 0.75Vf + 7.5V + 1.25¥7
St Fu{45Y} + 1.5¥) + 0.75t = 1, 5.5
+2.5Y) +1.25t = 1},

@27

Problem (27) is solved and the solution resulted is:

(Yy2k, v, 2U y 2l y2U 42y = (0,2116,0.3937,0,0,0.0635).
Thus,

~ 1
[X.«]i — (XIZL, XI*ZU’XZ*ZL, Xé«ZU) — th (YJZL, YI*ZU,YZ.«ZL , YZ.«ZU)
= (3.3333,6.2,0,0).

It is the time to linearize F; (X%, XY) and F, (X%, XY) using
the first-order Taylor series as follows:

Linearization ( Fy(x%,x¥)) = [Lin F, (X%, X ),

LinFy (x5 XY) | = [—0.2655 0.0574](X} — 3.3333) +
[-0.2732 0](X} — 1.4) +[0 0.0681](X. —3.3333)
+[0 0.3336](XY —1.4) =
[-0.2655XfF — 0.2732X% — 0.8854,0.0574 X%

+ 0.0681XY + 0.3336X7 + 1.2675].

(28)

Linearization (FZ(XL,XU)) = [Lin F, (x5, XY),
Lin F5(X5, XY) | =[-0.8436 0.1839] (X — 3.3333)
+ [-0.2812 0.0212]x} +
[-0.0954 0.4762](XY — 6.2)

+ [—0.0433 0.0794]1XY =
[-0.8436Xf — 0.2812X5 — 0.0954X7 —
0.0433%Y — 3.5654,
0.1839XF + 0.0212X% + 0.4762Xx7 +
0.0794X) + 3.4035].

(29)

The membership functions are defined as follows:
M7, = —0.3489X} — 0.350X} + 2.1631,

HiznF, = 0.0915X] +0.1085X] + 0.5316X; — 0.6666,

and
HiinF, = 70.3134)(1’“ — 0.1043}(5‘ — D.O354XlU + 3.4712,

Himp, = 0.0972X{ +0.0112X7 + 0.2517X{ + 0.042X; — 1.1628.

Now, we form problem (21) for this example as follows:

Maximize
wy ('”Li_nﬂ + #ﬁfl) T wy (#@FZ + #ﬁfz) (30)
st (XhLx")e S, _os.
Problem (30) is solved for equal weights i.e.,

w; = 0.5,w, = 0.5 and the solution obtained is:

X' =Xy = (X5 XY, X35 X5Y) = (3.3333,4.24,
0,1.4). Furthermore,

Fi(X") = [Fy(X "), Foq (X7)] = [-2.968, —0.4581],
Fo(X*) = [Fu(X"),Fp(X))] = [0.7719,2.1302],
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where F;;, F,;,i = 1,2 are identified by the help of Remark
1 as follows:

—2.5xL+2.5xY

1.5xL-35xY
1.25xV+1.25x7+3.5,

0.75xF+0.75xk+2.5"

6.5xL+0.75x%
F XL X Uy — 1 2
And Fip (X% X7) 5.5x0+25x0+1.25'

FII(XLrXU): FLLI(XLJXU):

L wry  7.5xY+1.25%Y
Fo(X",X7) = a5xt+15x2+0.75° In addition,

Maximize F;; = —1.5813,Maximize F,,; = —0.4581,
XES X€S

Maximize F;; = 1.14,Maximize F,,, = 2.9524
X€s Xes

These values are obtained using the method of Charnes and
Cooper and utilized to calculate the accuracy of a proposed
solution X i.e., Er(X) and €(X).
Accordingly, it was calculated that: e(X*) = 0.8222 and
Er(X™) = 0.44.
Furthermore;

Dfuz ([X*]ee0s) = (X1, X5) = (3.7866,0.7),

Dfuz ([Fl ()N()]a) = —1.7131, and

Dfuz ([F5(X)].) = 2.9021.

Comparison

In this section, we compare our results with the recent work
of Arya et al. in which the outcomes are in the form of

triangular fuzzy numbers:

X; = (1.13,3,10.5) and

Fi(X) = (-12.49,-0.625,2.5334),
To make a comparison, the fuzzy numbers are changed
into the intervals using their a — cuts, for ¢ = 0.5. Thus,
xAmva = (xI xU) = (2.065, 6.75,1.6875, 2.75) ,
Fp(XAya) = [-3.9692,0.1114]

F,(XAY2) = [0.3246, 4.2996], and

e(XAY3) = 1.9, Er(XAva) = 0.95.

Therefore, solution x* proposed by this study is strongly
preferred to xArva (x4v# pp x*) due to the fact that:
e(X™) < e(X*¥") and Er(X™) < Er(XAv®),

EXAMPLE 2

Maximize {F(X).5(X).F(X)}=
—(2, 3, X,+(1, 2, 3)%,
{[0.5, 1, 1.5)X,+(0.5, 1, 1L.3)X+(2, 3. 4)
(6, 7, 8)%,+(0.5, 1, 1.5)%,
(4, 5 6)X,+(1, 2, 3)X,+(0.5, 1, 1.5)’
(0.5, 1, 1.5)X,+(3, 4, 5)X%,

(1, 2, 3)X,+(2, 3, 4)%,+(1, 2, 3)}’
s.t —(0.5,1,1.5)X; + (0.5,1,1.5)%;, = —(0.5,1,1.5),
(1,2,3)%, + (2,3,9)%, =< (14,15, 16),
—(0.5,1,1.5)%; < —(2,3,4),-(0.5,1,1.5)%, —
(8,9,10)X, < —(8,9,10), £,,X, = 0.

€2))

In brief, setting « = 0.5. and considering the interval
arithmetic and ranking method 1 finally transform problem
(31) into:

Maximize {F; (X5, XU), F,(XxLxY),
F (X", X")} =
f [1.5x%-3.5x7,—2.5xL+2.5x7|
[0.75%F+0.75xk+2.5, 1.25%xV+1.25xV+3.5]

[6.5xL+0.75x%, 7.5x7+1.25x7]
[4.5xL+1.5%2+0.75, 5.5%x7+2.5xV+1.25]
[0.75xL+3.5x%, 1.25x7+4.5%7]
[1.5xL+2.5xL+1.5, 2.5x¥+3.sxg+z.5]} (32)

.t Sq_os = {0.75X} —1.25%F < —1.25,
—0.75x} + 1.25%xY < —0.75,
1.5xF +2.5xF < 145, 25x7 +35xY < 155,
—0.75XF = -25, —1.25xY = -35,
—1.25xY —9.5xY < 9.5,
—-0.75x} —8.5xt = - 8.5,
xF=xV x;<xVxEx? xLx¥ =0}

For convenience, let F = {0.75Y} — 1.25V,Y + 1.25¢t < 0,
—0.75Y} + 1.25Y7 + 0.75t < 0,1.5Y} + 2.5¥} — 145t < 0,
2.5YY +3.5¥Y — 15.5t < 0,

—0.75Yt + 2.5t =0, —1.25¢¥Y + 3.5t =0,

—1.25Y7 —9.5YY + 9.5t = 0,

—0.75Y! — 8.5V} + 85t < 0,

YE<v? v <vf, YvLYYvhEYFt=0}

Inwhat followsto linearize F; (X%, xU), [Xl‘ggﬁglelizjs F(X%xY)
is solved so as to find [X ]}, = [X*,x*V],i = 1,2,3 .Letus



set: i = 1. For this case, problem (12) is formulated as
follows:

Maximize —2.5Yf + 1.5¥} — 3.5Y,Y + 2.5V

s.t (33)
F u{075Yt + v +2.5t < 1,v7 + ¥ + 3.5t = 1}

Problem (33) is solved and the solution obtained is:
(qu’, YZ'/«IL’ YflU, Y;]'U, t*l) —

(0.4049,0.4049,0.17,0.17,0.1215).

Consequently, [£-]L = (XL, X1 XL, x o1l

= Ly, vy, vt vyl = (3.3333,3.3333, 14, 1.4).

=

Let us set: i = 2. For this case, problem (12) is formed as
follows:

Maximize 6.5Y] + 0.75Y) + 7.5} + 1.25Y)
s.t F U {4.5Y + 1.5Y} + 0.75¢
=1, 5.5¥Y + 2577 + 1.25t > 1}.

(34

Problem (34) is solved and the solution obtained is:
#2L yr#2l yE2U 22U p=22
(Yj_ ! Y2 ! Y]_ rYQ ’ t )
= (0.1983,0.3101, 0.042, 0.042,0.0595). Thus,
[X”Ac]g{ — (XIZL, X;ZU’X;ZL’X;ZEU)

_ 1 2L 20 2L ye2Uy _
_tmz(Yl nY1 :Yg ,Y2 )_

(3.3333,5.2118,0.7059,0.7059).

Let us set: j = 3. For this case, problem (12) is
formulated as follows:

Maximize 0.75Y + 3.5YF + 1.25YY + 4.5Y7

s.t Fu{15Yf+25Yf+ 15t <1, 257
+3.5YY + 2.5t = 1}

(35)

Problem (35) is solved and the solution obtained is:
(Yi*3L’ Y2'*3L, ];*3 U’ Y2*3 U, 5*3)

= (0.4033,0.513,0.0854, 0.1694, 0.121). Therefore,
[X ]g — (X._LEL,X13U,X23L, XZEU) — tTg (Yl 3L' Yl 3U’ Y2 3L' YZ EU) —
(3.3333,4.24,0.7059,1.4).

We linearize F; (X%, xY), £, (X", x¥), and F; (x4, xY)
using the first-order Taylor series as follows:
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Linearization ( F,(x" x U))

[LinF; (x5 XY), Lin Fy (x4 xY) | =
[-0.2655 0.0574](X} — 3.3333)
+[-0.2732 0](X% — 1.4) +
[0 0.0681](XY —3.3333) + [0 0.3336](XY — 1.4) =

[-0.2655X} — 0.2732Xx} — 0.8854, 0.0574X} +
0.0681x” + 0.3336XY + 1.2675].

(36)

Linearization ( F, (XL,XU)) =
[Lin Fp (X", X "), Lin F,(x*, X") | =
[-0.6366 — 0.4152](X} — 3.3333) +
[-0.2122 — 0.1887](X+ — 0.7059) +
[0.3045 0.4462] (XY — 5.2118) +
[0.0351 0.0744](X} — 0.7059) =
[-0.6368XL — 0.2122X} + 0.3045%] +
0.3045XY + 0.0351X% — 0.66,
—0.4152X} — 0.1872X} + 0.4462x7
+0.0744XY + 0.8608]

(37

Linearization ( F5 (XL, XU)) =
[Lin F3(X*, X V), Lin F3 (X4, X¥) | =
[-0.2547 0.0417](X} — 3.3333) +
[-0.4246 0.1944](XL — 0.7059) +
[-0.0384 0.1512](X7 — 4.24) +

[-0.0537 0.5445](XY — 1.4) =
[-0.2547X} — 0.4246X} —
0.0384X” — 0.0537XY — 1.6796,
0.0417XF + 0.1944X5 +
0.1512x7 + 0.5445xY + 1.3867]

(38)

The membership functions are defined as follows:

fyinF, = —0.0597X} — 0.0615X; + 0.359,

g, = 0.1464X1 +0.1737X + 0.851X} — 1.6679,
fyin 7, = —0.1636X] — 0.0545X; —

0.0782xY + 0.009X7 + 0.4911,

HiznF, = —0.4443X] — 0.2003X} +

0.4474x7 + 0.0796X7 + 0.0778.

HyinF, = —0.4122X{ — 0.6872X35 —

0.0621X7 — 0.0869XY + 3.1275,

HimF, = 0.0505X{ +0.2352X5 +

0.183Xx{ + 0.6589X5 — 1.4092

Finally, problem (21) is formed for this example as follows:
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Maximize Wi (ﬂmfl + #ﬁ?l) T ws

(#U_"Fz T #ﬁfz) + (39)
+ w3 (ﬂ@is + P‘ﬁia)
st (XhXxY) € Se—os-

Problem (39)is solved for equal weights i.e.,
1

w; = 2,1 = 1,2,3 and the solution obtained is:

X =Xt xU =21 XV x0x0) = (3.3333,4.24,
0.7059, 1.4). Furthermore, the acceptable intervals for the
value of the objective functions are:

[FL (X )az05 = F1(X") = [Fy (X)), Fu (X)] =
[-2.4923,-0.4581] [Fy (X geos=

Fy(X™) = [Fp(X™),F,p(X7)] = [0.7907,1.9960],
[F.Z(X*)]a:O.S =

Fi(X") = [Fz(X™),F;5(X")] = [0.2761,1.4036],

where F; and F,;,i = 1,2,3 are determined considering
remark 1 and are as follows:

1.5x5-35%Y

P (XL, XY) = e
Fun (X, X7) = S22
Fp (XL XV) = %
Fup(Xh, X V) = [Tl
Fp(X%, XV) = %
FMZ(XL,XU) _ 1.25xV+4.5xY

1.5xk+25x5+1.5
In addition, e(X*) = 0.21 and Er(X*) = 0.24.

Moreover;

Dfuz([X Jacos) = (X7, X5) = (3.7866, 1.053),

Dfuz([F, (X)],) = —1.4752, Dfuz([F,(X)].) = 1.3933,and
Dfuz([F;(X)],) = 0.8398.

Comparison

In this section, we compare our results with the recent work
ofAryaetal.inwhichtheoutcomesareinthe formoftriangular
fuzzy numbers X; = (1.13,3,10.5), X, = (1.375,2,3.5).
In addition, the value of the objective functions are
fuzzy  numbers  F(X) = (—12.49,—0.625,2.5334),
F,(X) = (0.0995,1.15,13.956), and

F5(X) = (0.0967,0.7857,5.379)- Thus, to make a
comparison, the fuzzy numbers are changed into

the intervals using their a — cuts, for @ = 0.5. Thus,
x4y = (xL xY) = (2.065, 6.75,1.6875, 2.75). Moreover,
F,(XAY3) = [-3.6665 0.1114]

Fo(XAY) = [0.3246 4.2996], F5(XA7Y?) = [0.2571 2.3607].

In addition, e(X4¥?) = 0.95, Er(X*7?) = 1.1.

Therefore, solution X* proposed by this study is strongly
preferred to x*¥* (x*¥* PP x*) due to the fact that:

e(X7) < e(XA?) and Er(X") < Er(X473),

The following were used to compute the accuracy of the
solutions.

Maximize F;; = —1.5813, Maximize F,,; = —0.4581,
Xes Xes

Maximize F;, = 1.1017, Maximize F,;, = 2.378

XEs XES >

Maximize ;3 = 0.4891, Maximize F,;; = 1.4036.
Xes Xes

EXAMPLE 3 (REAL-WORLD APPLICATION)
In this section, a real world example which is a mathematical
modelling of a university’s plan to increase the rate of
distance learning is considered.

Maximize {Fl (XN)J Fz (X)} =
(2, 3, )X,+(1, 3, 5)%,
{[1, 2, 3)X,+(2, 3, )X,+(1, 2, 3)’
(1, 3, 5)X,+(4, 5, 6)X,
(1, 2, 3)X,+(2, 3, )X,+(2, 4, 6)}
st (2, 3, HX, 4+, 3, 5)K, = (20, 25, 30),
(1,2,3)%, + (2,3,9%, =(510,15), X,X, = 0.

(40)

In brief, setting « = 0.5 and considering the interval
arithmetic and ranking method 1 finally transform problem
(40) into:

Maximize {F; (XL, X"), H(XLXU)} =
[2.5xL+2x%, 35xU+3xY]
[1.5xL+2.5%k+15, 25xU+3.5x7+2.5]

{Fl (XL: XU) -
[2xi+4.5x8, 3xV+55x7]
[1.5x0+25%L+3, 25xV+3.5xY+5]
S.t Sg_os = {2.5X} + 2Xk = 22.5,
3.5xY +4xY <27.515XF + 2.5X5 < 7.5,
25x7 +35x5Y < 125X] = XP, X5 < X¥,
XExU, x5 x¥ > 0}

F, (XL XV) =

(41)

For convenience, let:
F={25Y} +2v}f — 225t < 035V +4YF — 275t <0,
1.5V} + 2,57} — 7.5t = 0,25V + 3.5 — 12.5t = 0,
YE =yl vy <Yy vLyl vEvl,t = 0}

In what follows to linearize F, (X%, xY),

EN. = L Uy .
Maximize Fi(X",X7) is solved so as to find

[X«]ga — [X'«EL’XWEU]’[- — 1,2 [X"'*]é{ _ [X.«EL’XH'U]'[- — 1’2 .

Let us set: i = 1. For this case, problem (12) is



formulated as follows:

Maximize 2.5Y{ + 2Yy + 3.5Y)" + 3Y;
s.t U U {15 +2.5¥F + 1.5t <1, 2.5Y7
+ 3.5 + 2.5t = 1}

(42)

Problem (42) is solved and the solution obtained is:
(v vt vl vt ey = (0,3.3333,0,0,0.6667)
Therefore,
[X'"*]g.( — (leL,Xf]'U,X;lL, X;lU) — ?11 (Yl*lL, YflU, YZ*IL, YZ*J.U) —
(0,5,0,0).
Let us set: i = 2. For this case, problem (12) is formulated
as follows:

Maximize 2V] + 4.5Yy + 3V + 5.5
stUU{l5Y+25Y) +3t <1, 25V +
3.5Y + 5t = 1}

(43)

Problem (13) is solved and the solution obtained is:
(25 Y52, 7720, Y20 £2) = (0,0,0,1.1905, 0.3333)

Therefore,

~ 1 X ] # #
[R712 = (X725, %720, %520, x320) = o (0%, 720, v vy?t) =
(0,0,0,3.5714).

It is the time to linearize F, (x£, x¥), and F,(xt, x V) using
the first-order Taylor series as follows:

Linearization (Fi(XL,XU)) =
[Lin F; (X% X¥),Lin F; (X%, X¥) | =
[0 1]1XL +[0 0.8]X% +
[-4 0.25](XY —5) + [-5.6 0.2143]xY =
[-4x7 — 5.6x7 +1.25, X +
0.8X5 + 0.25X7 + 0.2143x7 + 20].

(44)

Linearization (Fz (XL,XU)) =
[Lin Fo (X5 X"), Lin Fo (X5 XN | =
[-3.2738 0.1143]X] + [-5.4563 0.2571]X} +
[0 1]X7 + [0 1.8333](X) —3.5714) =
[-3.2738X} — 5.4563X% — 6.5474,
0.1143x} + 0.2571x% + X7 + 1.8333x)]

(45)

The membership functions are defined as follows:
fuin 7, = —0.2X — 0.28X] +1.25,
imF, = 0.16X] + 0.128X7 + 0.04X] + 0.0343X,
HuinF, = —0.2X} — 0.3333X] + 1,

HimF, = 0.0156X] + 0.0351X7 + 0.1366X{ + 0.2505X7.
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Finally, problem (21) is formed for this example as follows:

Maximize

w1 (#@fl + #ma) + w2 (ﬂm@ + #ﬁﬁz)
s.t xtLx"e Sazos-

(46)

Problem (48) is solved for equal weights i.c.,
w; = 0.5,i = 1, 2 and the solution obtained is:

X' = (XL XU = (X5 XY, %55 X3Y) = (0,0,0,3.5714).
Furthermore, the acceptable intervals for the value of the
objective functions are:

[ﬁl(X*)]C(:O.S = FI(X*) = [Fu(X"), Fu (X)) = [0, 7.1428],

[Fy (X Vacos = Fo(X7) = [Fp(X7),Fp(X)] = [0, 6.5476].

where F,; and F,;,i = 1,2 are determined considering

remark 1 and are as follows:

L L u U

Lyxuy o 2SKEv2xE g gy 35KV
Fy (X5 X7) = 25XV 135X0 125" (X5, X7) L5XE+25KE+LS,

2x§+4.5x% 3xV+5.5xY

FJZ(XL,XU) — 1 2 Fug(XL,XU) — 1 2

2.5xY+3.5xY+5" 1.5xL+2.5xL+3

In addition, ¢(x*) = 0.8 and Er(X*) = 0.6.

Comparison

In this section, we compare our results with the recent work
of Arya et al. in which the outcomes are in the form of
triangular fuzzy numbers ¥, = (0,5.14,5.14),
X, =(0,0,3.86). Thus, to make a comparison, the fuzzy
numbers are changed into the intervals using their a — cuts,
for a = 0.5. Thus,X4¥2 = (x%,xV) = (0,3.86,2.57,5.17).
Moreover,

F, (X252 = [0.1699, 3.6618] F,(XAY2) = [0.3532, 4.2456].
In addition, e(X4y%) = 2.3, Er(x47v?) = 0.61.

Therefore, solution x* proposed by this study is strongly
preferred to X 472 due to the fact that:

e(X*) < e(xAva) and Er(X") < Er(xAva),

The following were utilized to compute the accuracy of the
solutions.

Maximize F;; = 0.8333, Maximize F,,; — 11.6667,
X€eS Xes

Maximize F, = 0.871, Maximize F,, = 6.5476
Xes XES .

CONCLUSION

In this paper, a method was introduced in two stages
to address fully fuzzy multi-objective linear fractional
programming problem (FFMOLFPP). Applying this method
finally transforms FFMOLFPP into linear programming
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problem (LPP). To construct the approach, the notion of
a — cuts, variable transformations, the first-order Taylor
expansion, the weighted sum approach, and the membership
functions are used. The solution resulted at the end of the
algorithm is at least a weakly € —efficient solution for the
main problem. Three examples were taken from Arya et
al. and the results demonstrated that our approach could
come out with more accurate solutions than the reference.
This should be mentioned that this method is applicable for
FFMOLFPP with any kind of fuzzy coefficients, while the
method of Arya et al. is only designed for triangular fuzzy
numbers.
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